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Abstract 

' Representation of non-forward scattering amplitudes in the BFKL approach is dis- 

CN ■ cussed and the results obtained in the next-to leading order are briefly reviewed. 

O 

Q 

O 1 Introduction 

m : 

i ! The BFKL approach |TJ gives the most common basis for the description of processes at large 
centre-of-mass energy yfs and fixed (not growing with s) momentum transfers \f—ti in the 
framework of perturbative QCD. This approach was developed originally in the leading log- 
arithmic approximation (LLA), which means resummation of all terms of the type [a s lns] n 
(a s = g 2 /{A.7r) is the QCD coupling constant). Such approximation leads to a sharp increase of 
cross sections with s: 
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where ujp is the LLA position of the most right singularity in the complex momentum plane 
of the t-channel partial wave with vacuum quantum numbers (Pomeron singularity), iV is the 
number of colours (N = 3 for QCD). The Froissart bound a tot < C(lns) 2 is violated in LLA, 
so that LLA can not be applied at asymptotically large energies. The problem of unitarization 
^ of LLA results is extremely important from the theoretical point of view. But in the region of 
energies accessible for modern experiments it seems that the most important disadvantage of 
LLA is that neither the scale of s nor the argument of the running coupling constant a s are fixed 
in this approximation. To remove these uncertainties we have to know radiative corrections to 
LLA. 

The calculation of the radiative corrections has taken many years of a hard work. Two 
years ago the kernel of the BFKL equation was obtained in the next-to-leading order (NLO) 
P, [| for the case of the forward scattering, i.e. for momentum transfer t — and the singlet 
colour representations the t-channel. In the MS renormalization scheme with a reasonable 
scale setting the corrections appear to be large, although they are not so large in non-Abelian 
physical renormalization schemes with BLM scale setting ||. The problem of large corrections 
was widely discussed in literature (see, for instance 0). Several ways to cure the problem were 
suggested which provide an opportunity for application of the BFKL approach at NLO to high 
energy phenomenology. 

An important way of development of the BFKL approach became the generalization of 
the obtained results to the non-forward scattering ||. For singlet colour representation in the 
t-channel, the generalized approach can be used directly for the description of a wide circle 
of physical processes, in particular, diffraction phenomena. The generalization for non-singlet 
colour states is also of great importance, especially for the antisymmetric colour octet state 
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of two Reggeized gluons in the t-channel. This case is especially important since the BFKL 
approach is based on the gluon Reggeization, although the Reggeization is not proved at NLO. 
Therefore, at this order the Reggeization is a hypothesis which must be carefully checked. 
This can be done using the "bootstrap" equations |J appearing from the requirement of the 
compatibility of the gluon Reggeization with the s-channel unitarity. 

In the next Section we remind the representation of scattering amplitudes in the BFKL 
approach. In Section 3 we discuss the results obtained for the non-forward BFKL kernel and 
present some of them. In Section 4 the same is done for the impact factors. The problem of 
"bootstrap" is discussed in Section 5. 



2 Scattering amplitudes in the BFKL approach 

The BFKL approach is based on the remarkable property of QCD - the gluon Reggeization. 
Remind that we use the notion "Reggeization" in a strong sense |J. For the process A + B 
— > A' + B' at large s and fixed t (s — (j>a + Pb) 2 > t = q 2 , q = Pa — Pa 1 ) it means that the part 
of the amplitude corresponding to the gluon quantum numbers (colour octet state and negative 
signature) in the t-channel has the Regge form 
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where c is a color index and j(t) is the Regge trajectory passing through zero at t = 1. Therefore 
the gluon in QCD lies on the Regge trajectory j(t) = 1 +u(t) with ou(0) = 0, so that it appears 
to be not an elementary object (as well as quark, see 0). Tp, P in (||) are the particle-particle- 
Reggeon (PPR) vertices which do not depend on s. Notice that (|2|) represents correctly the 
analytical structure of the scattering amplitude, which is quite simple in this case. 

The amplitudes with quantum numbers in the t- channel different from the gluon ones are 
obtained in the BFKL approach using the unitarity relations. For this purpose one needs to 
know inelastic amplitudes. The main contributions in the unitarity relations come from the 
multi-Regge kinematics, where all produced particles are strongly ordered in the rapidity space 
and all their transverse momenta are fixed (not growing with s). In LLA only such kinematics 
does contribute. In the next-to-leading approximation (NLA), where terms with one extra 
power of a s compared to LLA are kept, production of a pair of particles with rapidities of the 
same order is also admitted. 

The production amplitudes have a complicated analytical structure even in the multi-Regge 
kinematics. Fortunately, we need to know only real parts of these amplitudes. Due to the gluon 
Reggeization they have a simple factorized form and can be presented as 
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where J^c-.^qi, qi+i) are the so-called Reggeon-Reggeon-particle (RRP) vertices, i.e. the effec- 
tive vertices for the production of the particles Pi with momenta ki=qi — qi + \ in the collision of 
Reggeons with momenta and —qi+i and colour indices c, and c i+ i, q = p A , q n +i = — Pb, $i = 
+ ki) 2 , k = p^, k n+ i = p B , vector sign is used for denotation of components of momenta 
transverse to the plane of the initial momenta Pa,Pb- Pay attention that we have taken defi- 
nite energy scales in the Regge factors in (||]) as well as in @. In principle, we could take an 
arbitrary scale sr ||; in this case the PPR and RRP vertices would become dependent on sr. 
Of course, physical results do not depend on the scale. 



In LLA only one particle can be produced in each RRP vertex, and since our Reggeons 
are Reggeized gluons, this particle can be only a gluon. The situation changes in NLA, where 
one of the vertices can represent production of a pair of particles with fixed (not increasing 
with s) invariant mass. We can treat this kinematics using the effective vertices and 
7^? for production of two gluons and a quark-antiquark pair in Reggeon-Reggeon collisions. 
Analogously, we use effective vertices ^\ff)\p f° r production of states {(/)} containing an extra 
particle in the fragmentation region of the particle P in the process of scattering of this particle 
off the Reggeon. 

In the BFKL approach Pomeron appears as a compound state of two Reggeized gluons 
in the t- channel in the colour singlet representation. In general case, the amplitude for the 
high energy process A + B — ► A' + B' at fixed momentum transfer y/—i is presented in this 
approach as the convolution of the impact factors <&a>a and ^b'b-, which describe the A — > A' 
and B — > B' transitions in the particle-Reggeon scattering processes, and the Green's function 
G for Reggeon-Reggeon scattering ||: 

GW (<fi, q)$W (-925 -?1 so) • (4) 
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Here and below q[ = qi — q, q^ are D — 2 dimensional vectors (D = 4 + 2e is the space-time 
dimension different from 4 to regularize the infrared singularities), q ~ q is the momentum 
transfer in the process A + B — > A' + B'. The sum in (|j) is taken over irreducible representations 
TZ of the colour group, which are contained in the product of two adjoint representations, and 
over states v from full sets of states for these representations; r is the signature equal +1(— 1) 
for symmetric (antisymmetric) representations and sq is an energy scale. anc ^ ^b/'b are 

the projected on the states (1Z, v) impact factors, and G^ are the Mellin transforms of the 
Green's functions for Reggeon-Reggeon scattering. All dependence from s is determined by 
Gffl, which obey the equation |J: 

uG>™ (<fi, q) = q^^ (ft - <f 2 ) + J (ft, f; q) (f, q 2 ; q) , (5) 

where the kernel is given by the sum of the "virtual" part, defined by the gluon trajectory 
j(t) = 1 + oj {t), and the "real" part JC^\ related to the real particle production in Reggeon- 
Reggeon collisions: 

K.™ ^1, & q) = [" (~q?) + uj (-%*)] qM 2 ^ - &) + @, & Q) • (6) 
In LLA both the gluon trajectory and the "real" part of the kernel are pure gluonic: 

g 2 Nt fd D - 2 qi g 2 NT(l-e)T 2 (e) 
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where T(x) is the Euler gamma- function, and 

^ (fcfc „.^(fi|l«!_^, (8) 

where the superscript B means the leading (Born) approximation and the colour group coef- 
ficients cr for the most important cases of the singlet (R = 1) and the antisymmetric octet 
(R = 8) representations are c\ = N, eg = ^ . 



The representation (f|) for the scattering amplitudes, as well as the equation (|5|) for the 
Green's function and the form (^) of the kernel, are valid in NLA as well as in LLA. Both the 
kernel of the BFKL equation and the impact factors are unambiguously defined in terms of the 
gluon Regge trajectory and the effective vertices for the Reggeon-particle interactions 0. 

At the two-loop level the gluon trajectory was calculated in |J. It has both gluon and 
quark contributions. In the case of rif massless quark flavors it can be presented as 
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i/j(x) = T'(x)/r(x) . Let us stress that we use perturbative expansion in terms of the bare 
coupling g related to the renormalized coupling in the MS scheme by the relation 
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3 Non-forward BFKL kernel 

The general form of the kernel for arbitrary representation 1Z of the colour group in the t- 
channel is given by (§). The "virtual" part of the kernel is universal (does not depend on TV) 
and is determined by the gluon Regge trajectory. The "real" part can be presented as 0: 

Kf (a, a; f) = Mto> j™ ±™ e (Sk - .„> •£ J 7 w („, 92) ( 7 « a)' dp, 

- \ I i$-^ )B *> < F - & « 111 ■ (13) 

where is the operator for projection of two-gluon colour state in the t-channel on the 
representation R, n-ji is the number of independent states in TZ, qi = f3pA + Qi± and — q 2 = 
aps — ?2i are the Reggeon momenta, s = (q\ — q 2 ) 2 = saj3 — (q\ — q 2 ) 2 , the sum {/} is 



performed over all states / which are produced in the Reggeon-Reggeon collisions and over all 
discreet quantum numbers of these states, dpf is the phase space element for such state, 



dPf = A (2vr) D 5^i - ?2 - E h) J] ( f~ D X , (14) 

n is a number of identical particles in the state / . The second term in the r.h.s. of ([13]) serves 
for the subtraction of the contribution of the large s RR region in the first term, in order to avoid 
a double counting of this region in the BFKL equation. The intermediate parameter s A in 
(|l3l) must be taken tending to infinity. In LLA only the one-gluon production does contribute 
and (|l3|) gives for the kernel its LLA value (f|); in NLA the contributing states include also 
two-gluon and quark-antiquark states. At large s RR only the contribution of the two-gluon 
production does survive in the first integral, so that the dependence on s A disappears in (|13|) 
due to the factorization property of the two-gluon production vertex ||. 
The remarkable properties of the kernel are 

£C* )(0, q 2 ; q) = K™{q u 0; q) = & q) = K™(&, q; q ) = , (15) 

and 
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The properties (|T5|) mean that the kernel turns into zero at zero transverse momenta of the 
Reggeons and follow from the gauge invariance; fllB]) are the consequences of the symmetry of 
the r.h.s. of (|13|). 

The most interesting representations 1Z are the colour singlet (Pomeron channel) and the 
antisymmetric colour octet (gluon channel). We have for the singlet case 

(c lC ;iA|c 2 c' 2 ) = ^^l, m = i , (i7) 

and for the antisymmetric octet case 

MA-M = fc ^f^ c , n 8 = iV 2 -l, (18) 

where f a b c are the structure constants of the colour group. 

The quark contribution to the "real" part for any representation TZ is given by a super- 
position of the Abelian and non-Abelian pieces [JTIJ. The Abelian piece was calculated many 



yes ago in the framework of Quantum Electrodynamics |TT|, but, unfortunately, it has rather 
complicated form and can not be presented here. In the gluon channel this piece is absent and 
the quark contribution in this channel has very simple form: 
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where k = q\ — q\ — q\ — q\- The properties ([15]) , (pT6|) are evident from (|T^). 

The gluon piece of the "real" part of the kernel includes contributions of the one-gluon 
and two-gluon productions. The one-gluon contribution is determined by the RRG-vertex and 
depends on the representation TZ only through the numerical coefficient cr in the same way 



as in the Born case (|8]). The calculation of the RRG- vertex has a long history. The quark 
part of the vertex was calculated at once at arbitrary D [12]. Instead, in the gluon part firstly 
only the terms finite at e — > were kept []13| |. But then it was understood that in order 
to find the BFKL kernel the RRG-vertex must be calculated at arbitrary D in the region of 
small transverse momenta k of the produced gluon. It was done in |l4]j. Later the results 
of [|IB|, [TJJ were obtained by another method in [15 . But after all it appeared jllj that for the 
verification of the "bootstrap" equation the vertex must be known at arbitrary D in a wider 
kinematical region. Therefore it became clear that the vertex should be calculated at arbitrary 
D, especially taking into account that it can be used not only for the check of the "bootstrap", 
but, for example, in the Odderon problem at NLO and so on. Quite recently |17| the vertex 
and corresponding contribution to the non-forward BFKL kernel were calculated at arbitrary 
D. 

The two-gluon contribution, analogously to the quark one, for any representation TZ is given 
by a linear combination of two pieces. Only one of them enters in the antisymmetric octet 
kernel. It was calculated recently [[Tj|]. In the case of arbitrary D the integral representation 
was obtained. 

We have not enough space here to show neither the one-gluon nor the two-gluon contribu- 
tions at arbitrary D, so that we present only the sum of these contributions to the "real" part 
of the BFKL kernel for the antisymmetric octet representation in the limit e — > 
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where ((n) is the Riemann zeta-function. Note, that the the one-gluon and the two-gluon 
contributions separately have singularities ~ 1/e 2 - Due to their cancellation the leading sin- 
gularity of the kernel is 1/e. It turns again into ~ 1/e 2 after subsequent integrations of the 
kernel because of the singular behaviour of the kernel at k 2 = 0. The additional singularity 
arises from the region of small k 2 , where e| In 2 1 ~ 1. Therefore we have not expanded in e 
the term (k 2 ^J ■ The terms ~ e are taken into account in the coefficient of the divergent at 

k 2 = expression in order to conserve all giving nonvanishing in the limit e —>■ contributions 
after the integrations. 

The integral in (|20|) can be presented in another form: 
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It is possible also to express the integral in (|20"D in terms of dilogarithms, but this expression is 
not very convenient: 
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where (ft is the angle between q\ and q 2 , 
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The symmetries (|lq) of the kernel are easily seen. The first of them is explicit in (P0|). To 
notice the second it is sufficient to change x <-> (1 — x) in the integral in (|20D . 

In order to check that the kernel (p0| ) turns into zero at zero transverse momenta of Reggeons 
one has to know the behaviour of the integral in (p0|) . A suitable for this purpose representation 
is given in (pT|). From this representation one can see that singularities of the integral at zero 
transverse momenta of the Reggeons are not more than logarithmic. After this no problems 
remain to verify flT5|). 



4 Non-forward impact factors 

The impact factors can be expressed through the effective vertices T\(f\\p- 
representation takes the form [|]: 
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Here s PR = (pp — qp) 2 is the squared particle- Reggeon invariant mass. The argument s in the 
impact factor shows that it depends on the energy scale so of the Mellin transformation in (01). 
Of course, this dependence disappears in the total expression for the amplitudes (0j). The Born 
(LLA) impact factors &^ p u ^ B are given by the first term in the r.h.s. of ([24]) taken in the Born 
approximation. Note that for the Born case the integral over s PR in (24) is convergent, so that 



the parameter s A does not play any role. In NLA the independence of the impact factors on s / 
is guaranteed by the factorization properties of the effective vertices T 
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The non-forward impact factors of gluon and quark were calculated at NLO in [19] and 
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correspondingly for arbitrary 1Z. Their general form is rather complicated, so that we 
present here these impact factors only for the antisymmetric octet representation (we omit the 
superscript 71 = 8—, since we consider below only this representation): 
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where Tp, P are the matrix elements of the colour group generators in corresponding representa- 
tions, A p are the particle helicities and the function K\ has the following integral representation: 
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The result of the integration of (|27|), in form of expansion in e, can be found in 

Of course, the most interesting is the impact factor for virtual photon, since it is the impact 
factor of physical particle which can be calculated in perturbative QCD. In the leading order it 
differs only by a numerical factor from the QED case, which is known long ago. Unfortunately, 
at NLO this impact factor is not yet calculated, although some steps in this direction are done 
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5 "Bootstrap" of the gluon Reggeization 

The "bootstrap" condition for the kernel derived in Ref. H] has the form 
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where /C^ 8- ** (q%, q\\ q) is the kernel of the non-forward BFKL equation in the gluon (antisym- 
metric octet) channel, uj (t) = a/ 1 ) (t) + co^ (t) is the deviation of the gluon Regge trajectory 
from unity and t = —q 2 . 



The fulfillment of this condition for the quark contribution to the kernel was shown in |L0 



at arbitrary D. In the one-loop approximation the trajectory is purely gluonic (see (0)). The 
quark contribution to the trajectory appears at the two-loop level and is given by the terms 
proportional to nj in @, (|T0|) . The kernel /C^ (q\, 0*2; q) , according to @, is expressed through 
the trajectory and the "real" part. The quark piece of the latter is given by (|T§[). Using this 
equation together with (|9|), (|T0|) for the quark contribution to the trajectory, we obtain 
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where =^ — q 2 , q- = q} — q. Putting fl29|) in ( p8|) and using (||), (|T0|), it is easy to verify that 
the "bootstrap" equation ( p8|) is satisfied. 

To demonstrate the fulfillment of the "bootstrap" condition for the gluon piece of the kernel 
is not so simple. In [|16|] it was done for the terms in the gluon trajectory non- vanishing for 
e — > 0. Even for this purpose the knowledge of the "real" part of the kernel K.f( 8 ~\q\, q 2 ; q) 
( p0|) is not sufficient on account of the singularity of the integration measure in (p8|) at zero 
momenta of scattered Reggeons. Fortunately, JCf^ 8 ~\qi, q 2 \ q) turns into zero at this points 
(see fljjD), so that at first sight these points could not bring additional singularities in e. It 
would be so if integration over only one momentum was performed. But in the region where 
the momenta of two Reggeons (let us say, q\ and q 2 ) turn into zero simultaneously, being of 
the same order, JC^ 8 ~'(q\, q 2 ; q) does not vanish (as it can be easily seen in the example of the 
Born case (pi)). Therefore, these regions can give additional singularities in e; moreover, since 
integration over these regions leads to singularities, an expansion of, let us say, (qlY and (q 2 Y 
is not possible anymore, so that we need to know about the kernel more than it is given by 
(24). This problem was solved in [|31| and the fulfillment of the "bootstrap" equation (|28|) was 
proved for the terms in lu^ non- vanishing for e — >• 0. After the calculation of the RRG vertex 



at arbitrary D [[L7| examination of the "bootstrap" condition became possible at any you like 
dimension. This question is under consideration now. 

The "bootstrap" conditions for the impact factors derived in are: 
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The fulfillment of these conditions for the gluon and quark impact factors was demonstrated 
in ]TS| and |20] correspondingly at arbitrary D. 

More strong conditions than (|28|) , (|30|) were suggested in (from another point of view 
they were considered in |[24||). This suggestion is based on the requirement of Reggeization of 



the unphysical particle-Reggeon scattering amplitude with colour octet in the t-channel and 
negative signature. It was shown in 



24J that the strong bootstrap conditions are satisfied 
in the case of the gluon and quark impact factors. It is rather intriguing, because their role is 
not yet clear. 
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